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Abstract: The squeezing, entanglement, and statistical properties of light produced by lambda-type three-level laser coupled 

to squeezed vacuum reservoir have been studied. We have determined the quadrature variances mean as well as variance 

photon number photon for cavity modes with the aid of the solutions of c-number Langevin equations associated with the 

normal order. The results show that the light produced by the system under consideration in squeezed state. The squeezed 

vacuum reservoir enhances both the quadrature squeezing and mean photon numbers. In addition, the mean photon number of 

mode b is greater than that of a if more atoms injected with state |a>. We have calculated the quadrature variances of the cavity 

modes, the result shows that the light produced by the system under consideration is in squeezed state and the squeezing occurs 

in the minus quadrature. The result also shows that the effect of the squeezed vacuum reservoir is not only enhancing the 

degree of squeezing for the light modes but also to generate the photons for the system under consideration. The system 

produce entangled two mode light that increase with η and linear gain coefficient but decrease with squeezing parameters. The 

correlation function of the two modes decreases as η, the linear gain coefficient and increase with squeezing parameter. 

Keyword: Entanglement, EPR, LASER, Photon Statistics 

 

1. Introduction 

Quantum optics is a field of quantum physics that deals 

with the interaction of radiation with matter. [2] The 

squeezing and Statistical properties of the radiation generated 

by different quantum optical systems have been investigated 

since the earliest days that quantum optics was known. The 

quantum description of radiation is one of the central topics 

in quantum optics. 

This description requires the quantization of the radiation 

field. The quantization of the radiation field leads to the 

introduction of various possible quantum states of light such 

as the number, the coherent, chaotic, and the squeezed states. 

Squeezing is one of the non-classical features of light that 

has attracted a great deal of interest. In squeezed light, the 

noise in one quadrature is below the coherent or vacuum state 

level at the expense of enhanced fluctuations in the other 

quadrature with the product of the uncertainty in the two 

quadrature’s satisfying the uncertainty relation. [1, 3-13] 

Squeezed light has potential application in low noise optical 

communication and weak signal detection. 

A three-level laser may be defined as a quantum optical 

system in which three-level atoms, initially prepared in a 

coherent superposition of the two levels, are injected into a 

cavity. When a three-level atom makes a transition from top 

to the bottom levels, two photons are generated. The 

coupling of the two levels of the atom is responsible for the 

interesting non classical features of the generated light. In 

general, the atomic coherence can be induced in a three-level 

atom by coupling with coherent light or by preparing the 

atom initially incoherent superposition of these two levels. 

There are several quantum optical systems that could 

generate light with non-classical features such as squeezing, 

entanglement, and anti-bunching etc. 

Entangled states can be used in quantum cryptography, 

quantum teleportation, super dense coding, and, quantum 

computation etc. Quantum entanglement also represents in 

the dispensable physical resource for the description and 

performance of quantum information processing task. Thus a 

great deal of efforts have been developed to study and 

characterizing entanglement in the recent years. The central 

task of quantum information theory is to characterize and 
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quantify entanglement of a given system. 

2. Cavity Mode Variables 

We first drive the Hamiltonian describing the interaction of 

a radiation with lambda-type three-level atom seen in Figure 

1 and then the master equation for three-level laser coupled 

to squeezed vacuum reservoir. 

 

Figure 1. Schematic representation of a three-level atom in a lambda 

configuration. 

2.1. The Quantum Hamiltonian 

The interaction of a one-electron atom having charge e and 

mass m with a two-mode radiation represented by the vector 

potential A is described by the Hamiltonian 

Ĥ� =	−	�	ȓ	




�
Â                       (1) 

Â = 	
(ȃ	������ 	+ â�	�����) 	+ 	�(�������� ++	���	�����)��  (2) 

 

Figure 2. Schematic representation of three-level laser with squeezed 

vacuum reservoir. 

2.2. The Master Equation 

We consider a three-level lasers in which three-level atoms 

in	� configuration are injected into the cavity at a constant 

rate �  and removed from the cavity after a certain time !. We 

denote levels of three-level atom by	|$ >, |� >, $'(	|) >. We 

assume that the cavity modes to be at resonance with the two 

transitions |� >	↔ 	 |$ > and |� >	↔ 	 |) >are dipole allowed 

and direct transition between levels |$ >↔ |) > to be dipole 

forbidden as shown in Figure 2 The interaction of Λ-type 

three-level atom with the cavity modes can be described in 

the interaction picture by the Hamiltonian 

,� = ig(/�0 $� − /� 0$�� + /�01��	-	/210���)      (3) 

We take the initial state of a three-level atom to be 

34(0) 	= 	 c7(0)|a > 	+	c9(0)|c >       (4) 

The master equation for the cavity modes produced by a λ-

type three-level laser whose cavity modes are coupled by a 

two-mode squeezed vacuum can be written in the form 





�
: =

;

<
(=(> + 1) + 
	:  @ )(2	ȃρ	ȃ�	-	ȃ�ȃ	:	- ρȃ�ȃ) +

;

<
=>(2	ȃ�ρ	ȃ	 − 	ȃ	ȃ�:	 − 	ρȃ	ȃ�))+;

<
(=> + 
	:CC@ ) 

(2	��ρ	b��	-	b����:	- ρb����) + ;

<
=>(2	b��ρ	�� 	− 	��	b��:	 −

	ρ��b��) + ;

<
(
: 1@ )(2ȃ:��� 	− :	���ȃ − ���ȃ: + 2��:ȃ� 	−

:	ȃ��� − ȃ���:)+ + ½ =E(2ȃ����ρ−ȃ����ρ-ρȃ����+2ȃ	�Fρ-

ȃ	�Fρ-:ȃ	�F )+ ;

<
=E(2���â�: − â����: − :â���� + 2	�Fȃ: −

ȃ	�Fρ − ρȃ	�F)                         (5) 

2.3. C-number Langevin Equations 

The c- number langevin equation associated to the normal 

orders. 





�
< H >= − ;

<
I < H > − ;

<
J < K >,	         (6) 





�
< K >= − ;

<
	I1 < K > − ;

<
	J < H >,	        (7)	





�
< H< >	= 	−I < H< >	−	J < HK >,          (8)	





�
< K< >	= −I1 < K< > −J < HK >,	            (9) 





�
< H∗H >= 	−I < H∗H > − ;

<
J(< H∗K > +< K∗H >) + =>,	 (10) 





�
< K∗K >=	−I1 < K∗K > − ;

<
J(< H∗K > +< K∗H >) + =>,	 (11) 





�
< HK > =	− ;

<
(I + I1) < HK > − ;

<
< M >

(< H< > +< K< >) − =E,	            (12)	





�
< H∗K > = − ;

<
(I + I1) < H∗K > − ;

<
< M >

(< H∗H > +< K∗K >),	               (13) 

Where I = = + 
:  @ , I1 = = + 
:11@  and J = 
: 1@ = 
:1 @ . 
On the base of this equation 




�
< H(N) >= − ;

<
I < H(N) > − ;

<
J < K(N) > +OP(N),	 (14) 




�
< K(N) >= − ;

<
	I1 < K(N) > − ;

<
	J < H(N) > +OQ(N),	 (15)	

Where OP(N)  and OQ(N)  are noise forces. The solution of 

equation (14) and (15) can be written as 
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H(N) = H(0)��
R
S
T�� + U(N ��

R
S
T�(���`)[− ;

<
JK(N`) + OP(N`)], (16) 

K(N) = K(0)��
R
S
TY� + U(N ��

R
S
TY(���`)[− ;

<
JH(N`) + OQ(N`)],	 (17) 

The solution of coupled differential equation Eq. (14) and 

Eq. (15) can be written in the matric form as 





�
Z	(N) = 	− ;

<
EZ	(N) + 	[(N),	              (18)	

Where 

Z	(N)	= 
H(N)	
K(N)                                    (19) 

M= 
I M
M I1

	                                (20) 

[(N) =
OP(N)
OQ(N)

                                    (21) 

We next proceed to find the eigenvalues and eigenvectors 

of the matrix M. Applying the eigenvalue equation 

E\]	 = 	^\],                                (22) 

we find the characteristic equation 

^< 	− (μ$	 + 	μ))^	 +	(μ μ1 	− J<) = 	0.           (23) 

the relation, 

:	  	
(@) +	:	11

(@) 	= 	1	                       (24) 

Then the Eigen value 

^±	= ;

<
	(2a	 + 	
 ± 
).                        (25) 

3. Quadrature Fluctuation 

3.1. Quadrature Variances 

The squeezing properties of the two-mode light in the 

cavity can be described by two the quadrature squeezing 

property of two-mode light is described by two Hermitian 

quadrature operators defined by 

)̂± = √±1	()	2� ±	 )̂),                         (26) 

∆)	±< 	= 	1±< e±, e± >,                         (27)	

Where 

	e± = e∗ ± e	                                       (28) 

e = ;

√<	
(H + K).	                               (29)	

With the aid of (29) and (28) we have written Eq. (27) as 

f)̂<± = 1+< H∗H > +< K∗K > +2 < H∗K > 	±	< H< >
±< K< > ±4 < HK >                           (30) 

f)̂<± =
(<h	�	i)S(;	�	j	±<k)�<l(<h	�	i)(j	±k)�h(<h	�	i)∓<kiSnS

	(<h	�	i)(h	�	i)
	 (31) 

Eq. (31) represents the quadrature variance of the two-

mode light produced by lambda type three-level laser 

coupled to squeezed vacuum reservoir. 

 

Figure 3. Plots of the quadrature variances Eq. (31)) versus η for A = 3, κ = 

0.8, and r = 0.2. 

Figure 3 represents the plots of the plus and minus 

quadrature variances Eq. (31) versus η for A = 3, κ = 0.8, and 

r = 0.2. The figure shows that minus quadrature variance is 

less than quadrature variance of coherent light. 

 

Figure 4. Plots of the minus quadrature variance versus o	for a	 = 	0.8, �	 =
	0.2 and for different values of the linear gain coefficient and squeezing 
parameter. 

 

Figure 5. Plots of the minus quadrature variance versus o for a	 = 	0.8, 
	 =
	10 and for different value of squeezing parameter. 

We see from Figures 4 and 5 the minus quadrature 

variance increase with η and linear gain coefficient but 

decrease with squeezing parameter. The quadrature squeezing 

decrease with linear gain coefficient and increase with 

squeezing parameter. 

We now consider the case in which the cavity mode is 

coupled to a two-mode vacuum reservoir. Then up on setting 

�	 = 	0 in Eq. (31), we get 
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∆)�< 	= 1	                                       (32) 

This is the quadrature variances of the cavity modes for 

lambda-type three-level initially prepared in the coherent 

superposition of the lower levels. 

3.2. Entanglement 

In this section we seek to determine the entanglement 

properties of the two-mode light produced by λ-type three-

level laser. 

∆�< 	+ 	∆M< 	= 	2	 + 	2 < H∗H > +	2 < K∗K > −4 < HK > (33) 

the sum of the variances of the two EPR-like variables takes 

the form 

∆�< 	+ 	∆M< 	= 	2	 +
(j	�k)(<h	�	i)S	�	kiSnS

	(<h	�	i)(h	�	i)
	        (34) 

 

Figure 6. Plots of the sum of the entanglement Eq. (34) versus 	o  for 

a	 = 	0.8, �	 = 	0.2 and for different values of the linear gain coefficient. 

 

Figure 7. Plots of the entanglement Eq. (34) versus o for 
	 = 	10, a	 = 	0.8 

and for different values of the squeezing parameter. 

Eq. (34) represents the sum of the variances of a pair of 

EPR-like operators for a two mode light produced by λ-type 

three-level Lasers with squeezed vacuum reservoir. 

Figures 6 and 7 shows that entanglement increase with η 

and linear gain coefficient but decrease with squeezing 

parameter. The system produces entangled light. 

4. Photon Statistics 

In this chapter, we seek to study statistical properties for 

the system under-consideration. 

Using the solutions of the langevin equation and the 

correlation properties of the noise forces, we calculate mean 

and variance of the photon number as well as the photon 

number correlation of the cavity modes. 

4.1. Mean and Variance of the Photon Number 

The definition of the mean photon number for two-mode 

light, 

'q 	=	< 	 )̂�)̂ >,                                    (35) 

the mean photon number can be expressed in terms c-number 

variables as 

'q 	= 	'q +	'q0 	+ 	2 < H∗K >,	                     (36) 

where 	'q 	=	< H∗H >  and 'qQ 	=	< K∗K >  are the mean 

photon number for mode a and b, respectively 

'	r = j(<h	�	i�<l)

h	�	i
	                              (37) 

We see from Eq. (37), the squeezed vacuum reservoir is not 

only enhances the mean photon number of the cavity modes it 

is also the cause of production of photons in the cavity. 

 

Figure 8. Plot of the mean Eq.(37) versus o for a	 = 	0.8, and �	 = 	0.2 and 

different value of 
. 

 

Figure 9. Plot of the mean Eq.(37) versus o  for 
	 = 	10, a	 = 	0.8, and 

different value squeezing parameter. 

Figures 8 and 9 the mean photo number increase with 

squeezing parameter and o  but decrease with linear gain 

coefficient. 

We next proceed to determine the mean photon number 

sum and difference. We define the mean photon number sum 

and difference as 

'q±	= 	'q 	± 	'q0 .                            (38) 

'±	= js(;±;)(<h	�	i)�(;∓;)int

<(h	�	i)
                     (39) 

This equation represents the mean photon number sum and 

difference for lambda-type three level laser coupled to 

squeezed vacuum reservoir. We see from Eq. (39) that the 
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mean of the photon number difference is negative. This 

shows that the mean photon numbers of mode � is greater 

than that of mode $. This must be photons with mode a have 

more probability to be absorbed by the atoms. 

We now consider the case in which the reservoir is ordinary 

vacuum. Thus up on setting �	 = 	0 in Eq. (39), we get 

'q± 	= 	0	                                (40) 

We next proceed to calculate the variance of the photon 

number. The variance of the photon for two-mode light 

defined by 

∆'< 	=	< '�< > −< '� ><                   (41) 

can be put in the form 

∆'< 	= 	∆' < 	+ 	∆'0< 	+ 	2 < H∗HK∗K > −2'q 	'r0   (42) 

in which 

∆' < 	=	< H∗<H< > +	'q 	− 	'q 	<                     (43) 

is the photon number variance for mode $ and 

∆'0< 	=	< K∗<K< > +	'q0 	− 	'q0<	                       (44) 

the variance of two-mode light can be written 

∆'< 	= 	 'q< 	+ 	'q 	+ 	'q0 	+ | < H + K > |<,	       (45) 

We see from Eq. (45) greater than the mean photon 

number. This indicates that it exhibits super Poissonian 

statistics. 

4.2. Photon Number Correlation 

The second order photon number correlation can be 

defined as 

u	 0
(<)	(0) = 	v	w��w��x

v	w��xv	w��x
                              (46) 

u	 0
(<)	(0) = 	1	 + <lk

(<h	�	i)j
                            (47) 

The result in Eq. (47) shows that the photon number 

correlation is greater than one. This indicates that there is 

some correlation between mode $  and mode �.  This inter 

mode correlation must be due to the atomic coherence 

induced by atoms initially prepared in a coherent 

superposition of the bottom levels. 

 

Figure 10. Plots of the correlation Eq.(47) for a	 = 	0.8, �	 = 	0.2	and for 

different value of linear gain coefficient. 

 

Figure 11. Plots of the correlation Eq. (47) for a	 = 	0.8, 
	 = 	10 and for 

different value of squeezing parameter. 

5. Conclusion 

In this thesis the squeezing, entanglement and statistical 

properties of the light generated by a lambda-type three-

level laser coupled to squeezed vacuum reservoir have been 

analyzed applying the solutions of the c- number langavin 

equation associated with the normal order. We have 

calculated the quadrature variances of the cavity modes. 

Our result shows that the light produced by the system 

under consideration is in squeezed state and the squeezing 

occurs in the minus quadrature. The result also shows that 

the effect of the squeezed vacuum reservoir is not only 

enhancing the degree of squeezing for the light modes but 

also to generate the photons for the system under 

consideration. The system produce entangled two mode 

light that increase with eta and linear gain coefficient but 

decrease with squeezing parameters. The correlation 

function of the two modes decreases as η, the linear gain 

coefficient and increase with squeezing parameter. The 

mean of the photon number increase with squeezing 

parameter but decrease with linear gain coefficient. In 

general, the light produce by the system exhibits super 

poissonian photon statistics. 
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